Abstract. Fix a complete noncompact Kähler manifold (M n , h 0 ) with bounded curvature. Let g(t) be a bounded curvature solution to the Kähler-Ricci flow starting from some g 0 which is uniformly equivalent to h 0 . We estimate the existence time of g(t) together with C 0 bounds and curvature bounds, where the estimates depend only on h 0 and the C 0 distance between g 0 and h 0 . We also generalize these results to cases when g 0 may have unbounded curvature.
Introduction
A motivation of this work is to understand the Kähler-Ricci flow on complete noncompact Kähler manifolds with initial metrics which may not have bounded curvature. The Kähler Ricci flow is the following evolution equation for Kähler metric g 0 on an n dimensional complex manifold M n (1.1)
When g 0 is complete with curvature bounded by k 0 , Shi showed in [8] that (1.1) has a short time solution g(t) on M × [0, T ) having bounded curvature for all t (see Theorem A.1). Moreover, T and the curvature bound of g(t) can be estimated respectively in terms on n, k 0 and n, k 0 , t. A fundamental problem is to determine the maximal such T for a given g 0 , and we will denote this time by T g 0 . Extending the result of Tian-Zhang [9] for the compact case, Lott-Zhang gave an analytic 1 Research partially supported by NSERC grant no. #327637-06. characterization of T g 0 for general complete Kähler manifolds (see Theorem 2.1) which in particular extended Shi's result above. In this work we want to estimate T g 0 in terms of C 0 norm of g 0 . Firstly we will use Theorem 2.1 to show that:
where C i > 0 are constants and g 0 , h 0 are complete Kähler metrics with bounded curvature (see Theorem 2.2). As a consequence, T g is continuous on the space of Kähler metrics on M in the C 0 norm. The usefulness of (1.2) comes when considering the flow of an arbitrary metric g 0 which is uniformly equivalent to the initial condition h 0 of a known solution h(t), in which case Theorem 2.2 tells us the existence time for g(t) is uniformly comparable to that of h(t). In particular, if h(t) exists for all time, then so does the flow of any bounded curvature Kähler metric which is equivalent to h 0 . For example, one can show that if g 0 has bounded curvature and g 0 is uniformly equivalent to a complete Kähler metric h 0 with bounded curvature so that the Ric(h 0 ) ≤ 0, then T g 0 = ∞.
In the above context, one may also ask about a priori estimates for the solution g(t) in terms of the known solution h(t). In the context of (1.2) we will prove that: for any 0 < S < C 1 T h 0 we have
On the other hand, by restricting the time interval we can actually remove the dependence on the curvature of g 0 : for any 0 < s < S <
See Theorem 2.3 for these estimates. As mentioned above in [8] Shi proved the estimates in (1.3), but with the upper time limit C 1 T h 0 replaced by some T (n, Λ) depending only on n, Λ (in this case, as in [8] , one may just take h 0 = g 0 ). The point is that in many cases, C 1 T h 0 will be strictly larger than T (n, Λ), thus leading to a better estimate of T g 0 and corresponding estimates. From (1.2) and (1.3) we may then conclude higher order estimates as in Theorem 2.4. One can then apply these estimates to study Kähler-Ricci flow with initial metric which may have unbounded curvature and existence of solutions g(t) starting from C 0 limits of bounded curvature metrics uniformly equivalent to some fixed h 0 with bounded curvature (Theorem 3.1). This generalizes some of our earlier results in [1] .
The paper is organized as follows. In §2.1 we prove the existence time comparison in (1.2). In §2.2 we establish the comparison in (1.3), then establish the corresponding higher order estimates (1.3), (1.4) in §2. 3 . In §3 we generalize to initial metrics g 0 which may only be Hermitian continuous. Finally we collect some known results, which we will use throughout, in the Appendix.
existence time and estimates
Suppose (M n , g 0 ) is a complete noncompact Kähler manifold with bounded curvature, and let g(t) be a solution to Kähler-Ricci flow (1.1) on M × [0, T ) with g(0) = g 0 . We make the following: Definition 2.1. We call the solution g(t) (1) a bounded curvature solution starting from g 0 if g(t) has uniformly bounded curvature on M × [0, S] for all S < T ; (2) the maximal bounded curvature solution starting from g 0 if g(t)
satisfies the condition in (1) and T is maximal with this property, in which case we denote T = T g 0 .
By Theorem A.3, a bounded curvature solution starting from g 0 , on M × [0, T ), is indeed the unique solution with bounded curvature. Now let (M n , h 0 ) be a fixed complete noncompact Kähler manifold with bounded curvature. We define the following spaces of Kähler metrics.
Definition 2.2. For any 0 < a < b and Λ > 0, we define the sets 
Moreover if T satisfies (i) and (ii), then for any
T ′ < T , there is a constant C depending T ′ , c T ,
and the bound on the quantities in (ii) such that
Proof. Suppose the above conditions are satisfied for some T < ∞. If 0 < T < T g 0 then the proof Theorem 4.1 in [6] shows the existence of a bounded F T which satisfies (i) and also has bounded covariant derivatives of all orders, thus also satisfying (ii). Conversely, given F T satisfying (i) and (ii), by the estimates in the proof of [6, Theorem 4.1] (up to and including Lemma 4.26) there exists constants
This completes the proof that T g is characterized by (i) and (ii). Moreover, from the above mentioned estimates in [6] , one can see that the last statement in the Theorem also holds.
2.1. existence time estimate. The first result of this section is the following existence time estimate:
Proof. First observe that if λ > 0 is a constant, Rethen T λh 0 = λT h 0 . Hence without loss of generality, we may assume that a = 1. Also, we assume without loss of generality that g 0 , h 0 have bounded geometry of order ∞. For if not, we let g(t), h(t) are the corresponding solutions as in Theorem A.1, then we first prove the Theorem for g(ǫ), h(ǫ) for arbitrary small ǫ and then let ǫ → 0 and use the fact that g(ǫ), h(ǫ) converge uniformly to g 0 , h 0 (respectively) on M by Corollary A.1, and T g(ǫ) = T g −ǫ and T h(ǫ) = T h −ǫ by Theorem A.3. Note that by Theorem A.2, all the covariant derivatives of g(ǫ) with respect to h 0 are bounded. So we may assume in addition that all the covariant derivatives of g 0 with respect to h 0 are bounded. Now for any 0 < T < T h 0 , we have for g 0 ∈ G(h 0 ; a),
By Theorem 2.1, there is a smooth bounded function f with bounded covariant derivatives with respect to h 0 such that
η n where ω 0 and η are the Kähler forms of g 0 and h 0 respectively, gives
for some C 2 > 0 because g 0 ≥ h 0 and g 0 is uniformly equivalent to h 0 . From the facts that g 0 , h 0 are equivalent and that all the covariant derivatives of g 0 with respect to h 0 are bounded, we may conclude that all the covariant derivatives of f are bounded with respect to g 0 as well. We may also conclude from these facts that F and |∇ l ∂∂F | g 0 are uniformly bounded for 0 ≤ l ≤ 2 where we have used that √ −1∂∂F = −Ric(g 0 ) + Ric(h 0 ). By Theorem 2.1, we conclude that T ≤ T g 0 . From this the result follows.
By the theorem, we have the following monotonicity and continuity of T g . Namely 
We can extend the existence time estimate in Corollary 4.2 [1] . Namely, we can estimate the existence time in terms of upper bound of Ricci curvature instead of upper bound of the bisectional curvature. 
C
0 estimates. In this section we will establish C 0 bounds for maximal solutions g(t) starting from some g 0 ∈ G(h 0 ; a, b), where the bounds are uniform over all such g 0 . We will establish similar bounds for maximal solutions g(t) starting from some g 0 ∈ G(h 0 ; a, b, Λ). We begin with the following: , T ] by a constant C 1 depending only on n, k 0 , T, l. Hence by the Kähler-Ricci flow equations, we have C
, T ], where C 2 is a constant depending only on n, k 0 , T . By Theorem A.2, we conclude that |∇ k h(T ) g(T )| h(T ) ≤ C 3 for all 0 ≤ k ≤ l for some constant C 3 only on n, k 0 , T, l. From this, it is easy to see the lemma is true. Theorem 2.3. Let h 0 be as before.
(1) For any 0 < a < b and Λ > 0, and any 0 < S < aT h 0 there is a constant C depending only on n, S, h 0 , a, b, Λ such that
starting from some g 0 ∈ G(h 0 ; a, b, Λ). (2) For any 0 < a < b, and any 0 < S < a n T h 0 there is a constant C depending only on n, s, S, h 0 , a, b such that
for all maximal solutions g(t) starting from some g 0 ∈ G(h 0 ; a, b).
Proof. As before, we may assume that a = 1. We first prove part (1) . Let h(t) be the maximal solution starting from h 0 and let g(t) be the maximal solution g(t) starting from some g 0 ∈ G(h 0 ; a, b, Λ). Let 0 < S < T h 0 be given. Fix α < 1 such that αT h 0 > S. Then T αh 0 = αT h 0 > S. We claim that there is ǫ > 0 depending only on n, S, h 0 , a, b, Λ with S < αT h 0 − ǫ and satisfies the following:
≤ Ch 0 for all t ≤ ǫ and some C > 0 depending only on n, Λ; (ii)ĥ(t) = αh(α −1 (t+ǫ)) is the solution the Kähler-Ricci flow equa-
(iii) and there exists a constant C 1 > 0 and a smooth function f withĥ
where C 1 and the covariant derivatives of f with respect to h( ǫ α ) are bounded by constants depending only on n, h 0 , ǫ, α. Indeed, by Theorem A.1 and Corollary A.1 we may choose ǫ depending only on n and Λ so that (i) and (ii) hold because S < αT h 0 − ǫ = Tĥ (0) . (iii) holds for some C 1 , f by Theorem 2.1 applied to the solution h(t).
Then letting F = log det(αh(α −1 ǫ)) det(g(ǫ)) and using (ii) and (iii)
for some C 2 > 0 depending only on ǫ, a, b, Λ. Now ∇ l Rm(g(ǫ)) g(ǫ) and ∇ l Rm(h(ǫ))| h(ǫ) are bounded by constants depending only on n, h 0 , S, a, b, Λ. Using (i) and Lemma 2.1, we may conclude that the covariant derivatives of (f + SF ) with respect to g(ǫ) are all bounded by constants depending only on n, h 0 , Λ, S, a, b. From this and (2.1), the last statement in Theorem 2.1 gives C −1 h 0 ≤ĝ(t + ǫ) ≤ Ch 0 for all t ≤ S and some C depending only on n, h 0 , S, a, b, Λ. We conclude from this and (i) that (1) is true. This completes the proof of (1).
To prove (2), by [1] if g(t) is the Kähler-Ricci flow with bounded curvature so that g(0) = g 0 ∈ G(h 0 ; 1, b), then
) for some continuous function B(t) > 0 on [0, ) which depends only on n, K. Here K ≥ 0 is an upper bound for the bisectional curvature of h 0 . By Theorem A.2 and A.1, one can see that the (2) follows from (1), by considering g(ǫ) for ǫ > 0 small. 2.3. higher order estimates. By the local Evans-Krylov Theory in [3, 5, 7] , more precisely by Theorem A.2, we may have the following estimates based on the C 0 estimates in Theorem 2.3.
Theorem 2.4. Let h 0 be as before.
(1) For any 0 < S < aT h 0 and for all l ≥ 0, there is a constant C l depending only on n, S, h 0 , a, b, Λ and l.
for all maximal solutions g(t) starting from some g 0 ∈ G(h 0 ; a, b, Λ). (2) For any 0 < s < S < a n T h 0 there is a constant C depending only on n, s, S, h 0 , a, b such that
Proof. (1) By Theorem A.1, there is a constant T (n, Λ) > 0 such that the conclusion is true for S < T (n, Λ). For aT h 0 > S ≥ T (n, Λ), this follows directly from the C 0 bounds in Theorem 2.3(1) and Theorem A.2. The bounds also follow from the estimates in [11] and the C 0 estimates.
(2) also follows from Theorem 2.3(2) and Theorem A.2.
generalizations
In this section, we will generalize some of the results Theorems 2.2, 2.3, 2.4 without assuming that g 0 has bounded curvature. Let us introduce more spaces. Let (M n , h 0 ) be a complete noncompact Kähler manifold with bounded curvature. Let 0 < a < b be constants. Let Cl (G(h 0 ; a, b) ) be the set all continuous Hermitian metrics g 0 on M such that there exist a sequence g i ∈ G(h 0 ; a, b) with g i → g 0 uniformly on M. Namely, sup (G(h 0 ; a, b) ) be the set all continuous Hermitian metrics g 0 on M such that there exist a sequence g i ∈ G(h 0 ; a, b) with g i → g 0 uniformly on compact sets in M. For Λ > 0, one can define Cl loc (G(h 0 ; a, b, Λ)) similarly. (1) Given any g 0 ∈ Cl loc (G(h 0 ; a, b)), there is a solution g(t) to the Kähler-Ricci flow (1.1) on M × (0, a n
is Kähler for t ∈ (0, a n T h 0 ) and g(t) → g 0 as t → 0 uniformly on compact sets of M; (ii) for any 0 < S < a n T h 0 , there is a constant C > 0 such that
iii) for any 0 < s < S < a n T h 0 , and for any l ≥ 0, we have 0 ; a, b, Λ) ) for some Λ > 0, then the conclusion in (1) holds with a n 0 ; a, b) ), then the conclusion in (1) holds with a n T h 0 replaced by aT h 0 .
In particular, if T h 0 = ∞, then g(t) above exists for all time t > 0 such that the estimates above hold.
Proof. We first prove (1). By Theorem 4.2 in [1] , there is some T > 0 such that the conclusions in (1) hold when replacing a n T h 0 with T . Assume that T is maximal such that this is true. By the proof of Lemma 3.1 in [1] , there are continuous functions A(t), B(t) on [0, T ) such that A(t)h 0 ≤ g(t) ≤ B(t)h 0 with A(t) → a n as t → 0. Applying Theorem 2.4 (1) to g(ǫ) for small ǫ implies that T ≥ ǫ + A(ǫ)T h 0 . We conclude that T ≥ a n T h 0 by letting ǫ → 0. We now prove part (2) . Let {g i,0 } ∞ i=1 ⊂ G(h 0 ; a, b, Λ) such that g i,0 → g 0 uniformly in compact sets of M. Then by Theorem 2.3 (2) and Theorem 2.4 (2), we have a sequence of solutions g i (t) to (1.1) with initial data g i,0 on M × (0, aT h 0 ) converging to a smooth limit solution g(t) to (1.1) on M × (0, aT h 0 ). Moreover, for any 0 < S < aT h 0 , there is a constant C > 0 independent of i such that C −1 h 0 ≤ g i (t) ≤ Ch 0 on M ×(0, S], and thus there exists a smooth limit solution g i (t) → g(t) on M × (0, S] satisfying (ii). From this we may prove that g(t) satisfies (i) as in the proof of Theorem 4.1 in [1] . Moreover by applying Theorem A.2 we may also conclude that g(t) satisfies (iii).
To prove (3), let g 0 ∈ Cl (G(h 0 ; a, b)). By (1), we obtain g(t) satisfying the conclusions in (1). We need to prove that g(t) can be extended up to aT h 0 so that the estimates in (1) are true up to aT h 0 . By the proof of [1, Theorem 4.1], we have g(t) → g 0 uniformly on M. Since ah 0 ≤ g 0 ≤ bh 0 and g(t) has bounded curvature for t > 0, by applying Theorem 2.2, 2.3, 2.4, the result follows. Using Evan-Krylov theory [3, 5] or using maximum principle for Kähler-Ricci flow by Sherman-Weinkove [7] , we have the following (see .
